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FOREWORD

This report is the first of a series of two reports on the

theory and application of techniques for measuring the Production

Efficiency and Effectiveness of Production Units (PU). This report

is intended to provide a theoretical development of the methodology

for determining Production Efficiency and what is referred to herein

as the "excess production capability", which is a measure of the

amount by which a PU's outputs can decrease before the PU becomes

inefficient. An equivalent way of looking at excess production

capability is to think of it as "overproduction". With the material

in this paper, the production output which a PU should achieve (as

compared to other similarly producing units) can be determined. This

paper deals with measuring the effectiveness of an arbitrary number

of PU, with effectiveness being a measure of how well the PU does

what it is told to produce (or missioned). A problem in measuring

production effectiveness, which is a ratio of production output to

mission, is that mission may not be based upon what a PU should be

able to achieve. In this case, a PU may achieve a low effective-

ness rating either because its mission is set too high or because

its production is too low even though it can produce more with its

existing resources (e.g., the PU is technically inefficient). If i

future missions are based upon past actual production, it may be seen

that technically inefficient low producers will be given lower

missions while technically efficient PU will be given higher

missions. Thus, mission must somehow be based upon what the PU

should be able to produce with normal (or typical) effort and that

the methodology which determines what should have been produced must

be able to recognize overproduction or underproduction of PU. The

second paper in the series of two will use the principals explained
in this paper and will apply the principals to the fifty-six US Army

Recruiting Command Battalions.

DISCLAIMER

The views, opinions, and/or findings contained in this document are

those of the author and should not be construed as the official

position of the United States Army Recruiting Command or as an

official Department of the Army position, policy, or decision, unless

so designated by other official documentation.
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. ABSTRACT

Efficiency and Effectiveness are two measures commonly used to

evaluate Production Units (PU). Whereas the Efficiency measurement

shows how well a PU transforms its inputs into outputs and prescribes

a corrective course of action to make an inefficient PU efficient

relative to other similar PU, the Effectiveness measurement shows how

well a PU is producing relative to a management defined mission or

goal for production output. This report shows how Efficiency affects
Effectiveness and presents a methodology for statistically comparing

a PU's production to mission. A method for ranking both efficient

and inefficient PU according to their 'excess production capabilityn
is introduced. This methodology also permits one to determine the

overproduction of a PU, which is essential in the Effectiveness

measurements. The material in this report will be applied to a

subsequent separate report to the fifty-six US Army Recruiting

Battalions.
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THE EFFICIENCY, EFFECTIVENESS, AND EXCESS
PRODUCTION CAPABILITY OF PRODUCTION UNITS

1. OVERVIEW OF EFFICIENCY AND EFFECTIVENESS.

To determine how well producing units are performing, two
measures are frequently used. First, mission accomplishment or
effectiveness is expressed as the ratio of a weighted sum of the
various outputs to a weighted sum of the missions assigned for the

outputs. In addition to determining appropriate weights, this
measurement of mission effectiveness assumes that the mission has
been properly determined so that an effectiveness ratio greater than
one signifies an overproducer and a value of effectiveness less than

one signifies an underproducer.

A second measure, somewhat similar to effectiveness, is
technical efficiency (referred to as 'efficiency" hereafter), which
is defined as a ratio of a weighted sum of a producing unit's outputs
to a weighted sum of the unit's inputs. As with effectiveness, the

efficiency measurement requires the determination of appropriate
weights. The material which follows shows how a set of weights can

be determined using methodology pioneered by Charnes, Cooper, and
Rhodes (CCR) [5] which gives each Production Unit (PU) the highest

possible efficiency rating.

Whereas effectiveness answers the question of how well the
PU did perform, efficiency answers the question of how well a PU
should have performed given the set of input resources. This is an
important distinction which must be made as illustrated by the

followig example.

Assume that methodology exists to determine the following:
1. That a given PU's mission is 5 units.
2. That a given PU's actual production was 4 units.

3. That the PU's possible production is 6 units.

Measuring the effectiveness of the actual production, the PU is
at 80% effectiveness and may be considered to be 20Z overmissioned.
However, the PU's possible effectiveness is 120X, meaning that with
its potential production, it is 20% undermissioned.

Clearly, if a PU is consistently underproducing, it will appear
to be overmissioned and the reason for reaching the wrong conclusion
is that the PU is technically inefficient (e.g., can produce more

than what it actually is). However, using the first calculation, we

would reward technical inefficiency if r i gfement does, in fact,
.a, . '.
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reduce mission to coincide with actual production. This problem will

4 be exacerbated further if future missions are determined as some "

function of the actual past production.

Yet, the effectiveness measurement must also be able to detect a

PU which is "overproducing." Consider the following example.

Assume that a methodology exists to determine the following:

1. That a given PU's mission is 5 units.

2. That a given PU's actual production is 6 units.

3. That the PU should produce 4 units.

Measuring the effectiveness of the actual production, the PU is

at 1207 effectiveness and may be considered to be 20% under

missioned. However, when calculating effectiveness based upon what

the PU should produce, the PU is at 80% effectiveness, meaning that

it is 20% overmissioned. If a PU is already producing above that

which its contemporary PU are producing (e.g., is overproducing),

then management would fail to properly reward the PU's achievement

and would wrongly conclude that its mission could be increased by 20%

when it should either be reduced by 20% or be given higher credit for

overproduction.

For the PU which is overproducing consistently, it may appear to
be undermissioned and the reason for reaching the wrong conclusion

is that the PU has achieved a capacity to produce above that which

other similar (but efficient) PU have achieved. This problem wile f
persist and will be intensified if actual past production is used as

a means of determining future mission.

In both of the examples above, the wrong conclusion was reached

because the measure of effectiveness, based upon the PU's actual

production, is the wrong measure to use. The measurement of

effectiveness which is based upon actual production will tend to

reward inefficiency with reduced future missions and will penalize

overproduction by increased future mission. Thus, the measurement of

effectiveness requires us to determine what a PU should produce if it

is technically efficient. This production can be found, as will be

shown, by determining the efficiency and then adjusting the actual

production by the efficiency measurement. Then, effectiveness is

found by comparing the efficiency adjusted production to mission.

Conversely, mission should be determined based upon what a

technically efficient PU should be able to produce with given levels

of input resources, when measured relative to other similarly

producing units.

The material which follows describes the methodologies for first

determining the efficiency adjustments to find what a PU should

produce, and secondly, to determine the effectikeness of the PU ar c-

therefore, the changes in mission required for an equitable mission

4 2
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for a I PU.

2. TECHNICAL EFFICIENCY.

ell 2.1 Introduction to Technical Efficiency Measurement.

To aid in illustrating how Technical Efficiency (TE)

measurements are made, consider Figure 1.

X
5

X 
I

AA

x,:
x2

X2  X4

•x I

Figure 1. Efficiency Boundary Illustrated

Figure 1 illustrates six Production Units (PU), each having two

inputs, x1 and x2 , with each PU having a single output, y. Although

each PU can have values of output which differ, if all inputs and

outputs for a given PU are divided by the value of the PU's single
output value, each *normalized* PU has a single output equal to one

in value and inputs with value equal to x,/yd, with j=l,...,6 and

i=1 to 2 inputs. The normalized inputs for the PU are graphed in

Figure 1, where all six PU have the same normalized output value

-, equal to one. It should be noted, however, that the actual model

which determines TE does not require normalization of data and
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allows for an arbitrary number of r. ,uts, outputs, and PU. This

example was selected simply to illustrate in two dimensions what thE-

TE model has the capability to do when PU have multiple inputs and

outputs.

An objective in measuring TE is to find the smallest set of in-

puts which is capable of producing a given set of outputs for each

individual PU separately. It can be seen in Figure I that X-

clearly requires more inputs relative to the other PU to achieve

the same unit value of output which the other PU achieve. That is,

relative to X I and X 3 , for example, X requires more of both x, and

ix2 nputs. Relative to X ?, however, requires less of x I than X"

requires. The measurement of TE is a relative measurement, with

the reference set of PU being the "standard" to which the inef-

ficient PU are compared.

The complete set of reference PLI are connected by the line
•~~~ ""truhX X 3 X 2  an 4

through , X , X , and , and any PU which falls above or to the

right of this frontier is inefficient with respect to some part of

the frontier.

Clearly, X can "move" to the frontier (become TE) if its in-

puts are reduced to point A', for example. The ratio of the

distance from the comparison point, A', to the origin WO) ard the

distance from X 5 (A) to the origin (AO) is the value of Technical

Efficiency (TE=A'O/AO), which is the amount by which each input

must be decreased to bring X 5 (A) to the comparison point (A')

: on the efficiency frontier (or boundary). Similarly, X 6 can be

, brought to the efficiercy boundary by reducing its i nputs. (whIle

holding its output constant) to bring it to a cxrparison point

l ike B'. The ratio of the distance B'O and the distance BO is the

value of the TE of X 6

Consi der i rig X , i t carn be seer, that i t i s or the ef ic i ency

boundary, yet it consumes more of x input tnar, r crsumes. Thus,

* even though the ratio of the di.tarie from X to the boundar., is

one, it consumes an excess, amount o+ a resurce and th( e cess

amount is referred to as a "slack" or under ue'i rsource.

For an ar-bi trary PU to te TE, then, t r,ecessary and

sufficient for an ineff -ic ent PLI tc, redue t wpjt, b, the .dlue

of the ratio mea=_urerrent and by the ) a u, , re i c r or urid -

used capability. This brings the PLI to ar, e + I I r r. 'riparor,

point on the efficiericy bourdar .

As shown in Figure 1 , compar i son prnt anI B jre ot, the

efficiency boundary and are ccrsi dered to ;.e ,r ti- et t o + est"

points in that no smal ler inputs _c n produ e ,,Ptr c v n PJ i ,ut-

put. The compar i son po ints, however , maw" rc:.t he ac tual produ-trIC -

6 .' : - - .K ., .- • " - 1 -



" units, but could be composites of actual producing units which are

•< -TE. Hereafter, a comparison input point for an arbitrary PU will

,. be labeled x'. By examining Figure 1, it should be clear that the

efficiency boundary cont~iiis the set of all possible comparison

points and that any given PU will have either one comparison point

if it is TE or an infinite number of comparison points if it is not.

One problem, then, in measuring TE is to determine the compar-

ison point for a specific PU. One method is to select a direction

which "points" from the PU to the boundary and to follow that direc-

tior until no further input reductions can be achieved, providing the

reduced input is capable of producing the PU's actual output. The

direction which is selected will affect the comparison point, aed

hence, the TE.

In a manner similar to reducing inputs, TE i.an be measured by

finding the largest set of outputs which a given PU's fixed inputs

can produce. If a Pl is TE, the set of output comparison points, Y',

will contain only the PU's actual output. However, if a PU is not

TE, the set of output comparison points will have an infinite number

of comparison points. Hereafter, y' will denote a single comparison

output point for an arbitrary PU. As with the discussion on inputs,

a single comparison point, y', can be located by selecting a direc-

tior, which "points" from the PU's actual output to the boundary of

efficiency. If that direction is followed from the actual PU until

no further increase ir outputs is necessary for the given set of

inputs, the comparison point will be located. Of course, having a

mathematical model which makes the calculations needed to find the

corrp3r ison points is needed. This model will be developed in the

nex t  section.

A third al t ernative for locating an efficient comparison point

is to simultaneously select an input direction and output direction

which "points" from a given PU to the respective efficiency boundary
ard to simultaneously follow the directions until no further input

reductions or output increases can be made, providing that the

reduced input, x * can produce the increased output, y'.

The model which determines a comparison point by only reducing

inpu s is called the Input Technology Model; the model which

dete mires a compar ison point by only increasing outputs is referred

'o the Output rechnology Model ; and the model which allows for

bcoth input reductir on arid output increase to locate an efficient

crnpar ison point is referred to as a Mixed Technology Model. As will

be -howr ir, the rnewt sectiton, there is a symmetry in the mathematical

requirements for measuring TE, resulting in a single model from which

- mr other specific formrrs ar be der ved.

5



To illustrate this symmetry, section 2.2 will discuss the

modeling considerations for determining the TE of any number of PU

with an ar aro number of inputs and outputs. This will require '

the definition of certain concepts used in subsequent sections of

this paper. Then, some of the modeling considerations will be

illustrated using a special case of several PU, each having two

inputs and a single output. Section 2.6 discusses the mathematical

program which determines the TE of a PU. Repeated application of

the program to each individual PU allows one to determine the TE of

an arbitrary number of PU.

Chapter 3 discusses the methodology for determining the excess
production capability and illustrates the method with data and with

figures. Chapter 4 discusses Effectiveness measurement methodology.

2.2 Definitions.

Measuring Technical Efficiency has been shown in [10) to

two-step process. First, a reference or a comparison point is

determined for an individual PU using the set of all of the PU.

Secondly, the TE for the PU is calculated as a function of the dis-

tance from the operating point of the PU to the comparison point.

Repeated application of the two-step process for each of the PU

determines their TE. In order to determine the comparison point to

which an individual PU is to be compared, a mathematical model wills

be developed, which is similar to the model first developed in [5].

Consider j=I,2. ..... ,n PU, with each PU producing an output

vector yJ(yY 2 . . . . ,ys) using an input vector, xJ(x

Also, assume that each PU consumes the same types of resources to

produce the sa-- t~pe- c, outputs, with the differences between PU

being the quantities consumed or produced.

Define the point (x',y') to be the comparison point for the j-th

PU. Also, assume that the point (x',y') can be found as some non-

negative linear combination of the n PU. M, a matrix of outputs, and

N, a matrix of inputs are defined:

y y ,. . .. Y x x2, ,x . . .1 2 3s1 1 1 1

Y 1 'Y 1Y xI x 2 x 3 .  m
M = I....> N =x 1 2 , . . . . .

n "n n n n x .Yt >' Y29'Y37 .... 9 YsX x Z I x ...... m

As in £5], assume that each comparison point for the j--th PU

will have no more input than the j-th PU and will produce at least ap
much output as the j-th PU. This means that (-,',y must satisfy: --

6
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The Production Technoloqy Requirement.

X',xJ for i=1,2,...,m and yi>y"  for i=1,2,...,s (I)
%i i~ I

and x'=>>y' (x' produces y').

The set (x',y') which is formed by the non-negative linear com-

binations of the n PU operating points is referred to as the Feas-

ible Production Points. The "best" points in the set of Feasible

Production Points are referred to as the Efficiency Boundary. If a

PU is inefficient, it is inefficient because it consumes more inputs

and/or produces less outputs than (x',y') on the Efficiency Boundary.

For an inefficient point, the j-th PU inputs must "move" toward the

comparison points on the Efficiency Boundary which are located by

"looking" for points of lesser or equal inputs and greater or equal

outputs.

No conditions --e imposed on the measurement of the distance

from the j-th DMLI's operating point, (xi,y j ), to (x',y') on the boun-

dary. Define P' and P" to be vectors and refer to the components

of the vectors as component efficiencies. Now define:

P', i=1,2. ..... ,m:= input component efficiency such that

P' =x'/x
j

Pi x  I i

and (2)

P' i', i=1,2. ..... ,s:= output component efficiency such that

Combining (1) and (2), it can be seen that P'51 and P 1. How

TE is calculated from the component efficiencies will be discussed

in detail in section 2.4. However, if the Technical Efficiency is

is the average of the input component efficiencies, for example, then

TE=1.0 (or 100%) if and only if all component efficiencies equal

the value 1.0. Also, P' indicates the proportionate decrease in theii

i-th input for the PU to be efficient. The value P" indicates the

proportionate increase in the i-th output for the PU to become TE.

Finally, TE must be some function of the component efficiencies, P'

and I/P T  to guarantee that an inefficient PU will have TE<100'.

2.3 Relative Efficiency Example.

Using Figure 2, it will be shown that a comparison point can be

found by fol lowing a "descent direction" toward the Efficiency

Boundary and that there are many directions, and hence comparison

points, for an irefficient PU. For ease of illustration, Figure 2

illustrates eight PU, each having two inputs and a single output.

Each of the units' operatinQ points have been normalized by dividing

the value of the inputs and outputs by the value of the units out-
put. Thus, each PIJ ir, Figure 2 has unit output.

7-' ..? ------ :::,:,:,,--" '''-,'''",:-:-:.:-:.: ' "'-



-(8) denotes a descent

direction
x2,/y (6)

A B (
((27

(4) (5)

Figure 2. An Illustration of Relative Efficiency

In Figure 2, the Efficiency Boundary is the set of normalized

". inputs connecting PU (1), (2), (3), (4), and (5). These five PU
and every convex combination of them constitutes a set of compar-
ison points which are considered to be 100% efficient. Also, any

point above and to the right of the boundary is inefficient rela-

tive to comparison points on the Efficiency Boundary. For PU (6),

the points satisfying (1) are above the Efficiency Boundary and

below the cone ABC.

Once a given PU is determined to be TE, it should also be
clear that it is on the Efficiency Boundary and that if we were

to look for points which are inefficient, we would look at the
interior of the Efficiency Boundary. For inputs, the interior of

the Efficiency Boundary is above and to the right of the set of
efficient PU. For outputs, the interior of the Efficiency Boundary

is below the set of efficient PU.

2.4 Step 1: Finding the Comparison Point.
Given some actual production point, (xi,y j ), of the j-th PU,

a comparison point, (x',y'), which satisfies (1) must be deter-
mined. The operating point xj must be reduced by some P- 0 from xj

to x' in the direction d 10, or

xj-g d x', where d-?0 is a vector descent direction

and t-,0 is the distance which xJ is decreased along d-. (3)

Similarly, we can specify that yJ must be increased along some

ascent direction d 0 by some ?0, so that

Yl+d+(y', where dUO is a vector ascent direction
and +0 is the distance which yJ is increased along d+

Q 8



By assumption, (x',y') is found as some non-negative linear

combination of PU, so defining z.O to be a vector of multipliers,

x'=zTN and (5)

y'=zTM, where zi.?0 for i=1,2,....,n.

The basic model for finding the comparison point, (x',y'), is

complete by noting that we wish to maximize the distance, P , for

the inputs to be reduced and/or t; , for the outputs to be in-

creased, or

Max $- + $ +

Subject To

xJ-$; d _?zTN--x" (6)

y=zTM yJ+s+d+

Sz>O, d-O (some d:>O), and

d+ 10 (some d >0).

From the Production Technology Requirement (1), a PU can move

to a point (x',y') by either reducing inputs or by increasing out-

puts or by some combination of input reduction and output increase.

The model in (6) is called a Mixed Technology Model because both

inputs and outputs can be varied to find the comparison point. If

we set the distance parameter i-=0, the model is referred to as

the Output Technology Model, meaning that outputs must be increased

for an inefficient PU to move to the Efficiency Boundary. If we

set the distance parameter P+=O, the model is referred to as the

Input Technology Model, meaning that inputs must be reduced to

find the Efficiency Boundary.

The directions of descent and ascent can be used to impart

special characteristics to the model. For example, when d+=yj or

d-=x j , the respective direction is referred to as the radial

direction. It is shown in [10] that with certain other conditions,

including the radial directions and the Input Technology Model, the

model in (6) can be transformed into the Charnes, Cooper, and Rhodes

(CCR) [5] model.

Another restriction on the direction allows one to model the

situation of uncontrollable or nondiscretionary variables, meaning

that a variable influences TE, but that the variable is not control-

.,- lable by management. If the k-th input or output component is non-

-' discretionary, any direction other than d =0 or d =0 would represent

..



an unobtainable situation if the PU is inefficient since f-dk>O or
+ d +>0 means that the operating point must move some distance to

locate a comparison point, but the component may not be changeable.6.,

However, if a component direction is set to zero for a non-

discretionary variable, then we must also assure that the component

efficiency equals 1.0 for that variable. If there are r' nondis-

cretionary input variables and r" nondiscretionary output variables,

we should exclude them from our TE calculation. However, the non-

discretionary variables still have to be included in the model for

finding the comparison point by setting the direction to zero for

the nondiscretionary component. The next section will show how TE

is determined when nondiscretionary variables are used.

2.5 Step 2: Determining the Value of TE.

The second step in measuring the TE of a PU is to find TE as

some function of the comparison point, (x',y'). To illustrate how

TE can be determined, we must first convert (3) to equation form by

adding a non-negative slack variable, S . Similarly, we can make

the inequality of (4) into an equality by adding a non-negative

surplus variable, S. (3) and (4) are converted to equalities as

follows:

x4--d -S xi, where t-,10 is a scalar. Then, dividing by x4,

we have 1-(- d +S )/x j -xf/x4. From previous results, xi/x-P i.Si -  i "
J + + + , j n

y -S+=YJ+ i, and after dividing by Y', we have iy4-r , and

+ d+ +/y . Assuming that there are r' nondiscretionary

inputs and r" nondiscretionary outputs with the corresponding direc-

tional component set to zero, the TE can be found as follows:

TE=( Z P'/(m-r') + Z 1/(P*(s-r")) ) for (7)
iEK' i(K"

r' nondiscretionary inputs and r' nondiscretionary outputs,

K'=(1,2,...,m.xJ  is discretionary),

K"=(1,2,...,syJ is discretionary),

P i S and ,
I i

when C are obtained from (6). Note, if di=O and S,=0, then P'=.

This condition corresponds to the previously defined condition of

noncontrollable inputs.

2.6 The Generalized TE Model.
Thus far, we have treated the distance variables P- and ?-+ as

equally important in locating the point orn the input and output

Efficiency Boundary. However, we may wish to allow for some other'-

10
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priority to be given to either reducing inputs or increasing outputs

in determining a comparison point, We use the weights ai.O and

a2)0 in the objective function of (6) to weight the importance of

k- and 1 +, respectively.

Combining the two-step modeling considerations, including the

use of nondiscretionary variables, weights, and directions, the
General Mixed Input/Output Variable Efficiency-Improving Direction

(VEID) Model becomes:

General Mixed Input/Output VEID Model

STEP 1: Find comparison point, (x',y') by solving:

Max +xit + 2p,+

Subject To (8)

xJ-k-d -?zTN=x " , d-_?0 (some d1 >O)

y'=zTM.yJ++d+, d+_>O (some di>O) and

r + k-,zO.

STEP 2: Find TE by calculating:

TE=( wt Z PS + wt 2 E I/P7 ), where
i(K" i(K"

wtI= aI/(al+a 2 )(I/(m-r')) if m>r" and 0 otherwise,

wt 2 = 2 /(a +a92)(I/(s-r)) if s>r" and 0 otherwise,
K'=(1,2,...,mx j is discretionary)

K"J(1,2,...,sy is discretionary)

and there are r/ nondiscretionary input and r" nondiscretionary

outputs with d =0.0 and dk=O.O, respectively,

where Pi=1-( di+S)/x1 and P!1+(Pd+ S)y' andi an PT I +)y n

a a0, a 2 -0, (a 1 +a 2 )>0.

3. EXCESS COMPONENT CAPABILITY.

3.1 Introduction.

It has been shown that for an inefficient PU, the component

efficiencies provide the information for determining the changes in

inputs and outputs necessary for a PU to become efficient. When a
PU is found to be efficient, however, each component efficiency is
equal to 1.0 and the overall TE is 100%. Thus, if we have several

PU with TE equal to 100%, and if we were to rank PU on the basis of
TE, we could not discriminate either between the overall TE or the

individual efficienc)- components. However, as will be illustrated

using Figure 3, more information on PU which are TE can be determ-

ined after it is established that the PU is TE.

-,-,
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Figure 3. An Illustration of Excess Capability.

In Figure 3, consider PU (2), for example. If (2) were moved

by increasing its inputs, the Efficiency Boundary would also move.

As the inputs of (2) increase, eventually PU (2) would become in-
efficient. As PU) (2) moves toward (2'), eventually the boundary will
stop moving. Any movement beyond (2') results in PU (2) moving into

the interior of the Efficiency Boundary. Any further increase in in-

puts for (2') will result in the TE for (2') to be less than 100%.t

Alternatively, as the output of PU (2) decreases, PU (2) moves

toward the interior of the Efficiency Boundary. When all of the PU
remain fixed and only PU (2) moves, the Efficiency Boundary will

eventually become PUs (1), (3), (4), and (5). Eventually, any PU
will become inefficient if moved in an interior direction a

sufficient amount.

By moving an efficient PU to the point where it is no longer

efficient and then finding a comparison point on the Efficiency

Boundary, the value of the "excess capability" can be determined

as the limit of the amount by which the PU can move and still remain
TE. If the excess capability is zero, the PU is TE, but any change

which takes the PU in an interior direction will cause the PU to.

become inefficient if all other PU remain at their operating point.
For a PU which is already inefficient, the excess capability is

W,'- negative, and any movement in an interior direction will cause the PU

to become more inefficient. The method for finding the excess

capability folloeis.

3.2 Method for Finding the Excess Capability Components.

Taking advantage of the syrrimetry of the problem gives us some.,

insight into the determination oi the Excess Production Capabilityj"

12
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First, three observations on the constraints of (8) can be made for

a unit that is TE and for one that is not TE.

Condition -th PU is TE j-th PU is not TE

1 z j=1 z j=0

f2 ~ d 0 11 d ?0

3 P d =0 rjd >0

For the efficient PU, condition I means that the unit is its own

comparison point, while the inefficient PU is never its own compar-

ison unit. The comparison point of the inefficient unit is a compos-

ite of other efficient units. Condition I implies that the PU which

is TE is on the boundary and the inefficient unit is not on the

boundary. The inputs of the inefficient PU are above the boundary

and the outputs are below the boundary, meaning that the inefficient

PU must have its inputs decreased and its outputs increased to be

efficient. From Figure 3, if we restrict z =0 for an efficient PU.

*the efficiency boundary moves up, meaning that the efficient PU in-

puts are now below the boundary. Similarly, the efficient PU out-

puts would be above the efficient boundary, meaning that outputs of

the efficient PU could be decreased before the PU is not TE. The

restriction z =0 also means that no PU is ever its own comparison

unit. This restriction will "move' the boundary, but we have no

prior knowledge of the efficiency of an arbitrary PU or if the

direction to the input boundary is up (if the PU is TE) or down (if

the PU is not TE).

By adding the restriction z .=0, there is no change to the

inefficient PU boundary since zJ will always be zero for PU that3
are inefficient. Accordingly, no changes to conditions 2 and 3 are

needed for the inefficient PU because of this restriction. However,

for t- -- . * , conditions 2 and 3 no longer hold if we use
this added constraint. It will be shown now, however, that o,.e

more consideration will permit the model in (8> to determine both

the efficient and ineffic ent PU and the excess production

capab 1 i ty.

For condition 2, the input comparison point for the efficient

PU will be above the j-th PU, so . d <0. If we always select a

direction with non-negative components, then 0. However, for

the inefficient PU, if the direction components are non-negative,

then , 10. This implies that we can select any arbitrary non-

negative direction for any PU and allow the distance value, P , to

',e unconstrained. If 9 >0, the PU is not TE, but if ( <0, the PU

is TE.

Similar!y, condition 3 for the inefficient PU will remain valid,

bu must be changed for the efficient PU when the restriction zj 0

13
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is added. Again, by selecting non-negative ascent directions, then

$+ d +0, meaning P +. 0. For the efficient PU, the outputs are above

the efficiency boundary, so + d+50, meaning 9S_0 for the efficient

PU. The output distance, t, when unconstrained, allows us to

determine if the unit is TE by noting its sign.

One final consideration must be given for the Mixed Input/Output

TE model. If a PU is efficient, both input and output distances must

be less than or equal to zero. For the inefficient PU, both input

and output distances must be greater than or equal to zero. These

e" conditions are simultaneously met by requiring that q_-9 +?0. For

example, if -=0 and L, >0, the unit is not TE. However, if -<0

and k+=0, the unit is TE. In both cases, the product of the

distances is zero as required. The product constraint can be imple-

mented procedurally as opposed to adding a nonlinear constraint.

This will be discussed in section 3.8.

From the previous discussion, it can be seen that finding the

- comparison point for any PU can be made by a few modifications to

the model in (8). The modifications which will permit us to find

-0 the excess production capabi l i ty are:

EXCESS PRODUCTION CAPABILITY MODEL CONSTRAINTS

2. 1 + unconstrained (9)
3. C + 0 (see section 3.8), and
4. P'=Min(l,x'/xJ , , P"=Max(l'x i  x i

3.3 Excess Production Capability Determined.

The modfications in (9) to the model in (8) evaluates the

PU to determine if a PU is TE or not. However, the two-step process

requires a determination of efficiency using the modified model (8)

results. To determine the excess production capability and to show

that the excess capability is the same as the inefficiency of a PU

which is not TE, define the following:

O= x /x where x=×- d
I I I , I

and (10)
.tv -rE r +d +

The input arid output compcnent ratios for an efficient and

i nef f ,.ient PU otained using -) and (9) will be:

lnet+ c ert PU Ef+iciert PU

* cIrX (hence 4. in (9))

r"7 ,'"<1 (hence 4. in (9))

Th ronverti ,r, al defin,t i n of efficiency restricts input

14
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components to be less than or equal to 1.0. Any component less

than 1.0 means that the component is inefficient. Similarly, then,

(Z any value greater than 1.0 must represent an excess production

capability. Therefore, instead of defining input and output

component efficiencies, the excess capability will be found

A relative to the value 1.0. With the component ratios in (10),

a value greater than 1.0 could be found, so define the Input

Excess component capability as:
~IE i  = 1 . (I1)

If cxi<l, the excess component capability is the measure ofiJ

inefficiency. If i>1, the value of IE i  is the amount by which

the i-th component can be increased before the unit is not TE and,

therefore, represents the excess capability.
The Output Excess component capability is similarly defined:

.J..

OE. = I/o -1. (12)

If ox?<1, the unit is TE, so 1/(ri > l and 0E i >0, meaning that the

i-th output component can be reduced and the unit will remain TE.

However, if OE i<0, the value represents the measure of the PU's

inefficiency, meaning the output component has to be increased to

make the PU efficient.

It carn be seen that IE i and 0E i both measure the change in the

components relative to a boundary which excludes the Ji-th PU as a

comparison point. Values greater than zero represent the excess

component capabil ity, while values less than zero are the component

inefficiency. Both are measured relative to the theoretical value

1.0, the value a component efficiency would take if the PU were TE.

The comparison point, (x",y")=(xJ-$s d ,yJ+ts+d + ) may not be an

efficient point. From the previous discussion, the point (x',y')=

(zTN,zTM) is an efficient comparison point. The difference between

x' and x" is the slack which converts the inequality in (3) to an

equality. The difference between y' and y' is the surplus which

converts the inequality in (4) to an equality. Another definition

of excess capability using an efficient comparison point can be

made as explained below.

The efficient inpit and output component ratios similar to

(10) are defined as follows:

= x /x j where x'=(zTN)II I I

and (13)

y y/X, where y"=(zM)

@4 15



Similar to (11), the Input Excess Efficient component capability

is defined as

IEE i =) i  - 1 and 14i

. the Output Excess Efficient component capability is defined similar

to (12) as

.EE. = 1/ - 1. (15)

Whereas the Input ard Output Excess component capabilities (IE i

and OE ) show the amount by which an efficient PU can move and remain

TE, the Input and Output Efficient Excess component capabilities

(IEE i and OEE i ) show the change in efficiency if the efficient PU in-

and outputs are moved beyond the boundary. If a PU is not TE, the

values of the Excess Efficient component capabilities are the

measures of inefficiency relative to an efficient point on the

,. '. boundary.

4 3.4 The Input Excess Capability.

The Input Excess Capability and the Input Excess Efficient Cap-

abili ty components must be computed to form the two measures of

Input Excess Capability. Using (8) and (9) with suitable interior

descent and ascPrt directions, the values for (10) and (11) are

calculated for each input component.

The Average Input Excess Efficient capability is:
m

AEE' = Z IEE /m. 16)
i=1

Total Efficiency with Excess Input Efficient Capability is:

TEEC'=(100 + AEE' )X.

The Average Input Excess capability is:
m

AE' = Z IEi/m. (17)

The Total Efficiency with Excess Input Capability is:

TEC'=(100 + AE' ),.. (18)

Note that TEEC' and TEC' may not be equal. Section 3.7 will

illustrate the two Input Excess capabilities and show that the

Average Excess Capabilities may be less than 100%, meaning that the

PU is not TE or is an extreme point.

3.5 The Output Excess Capability.

Similar to section 3.4, two excess output capabilities for the

j-th PU can be determined.

16
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The Average Output Excess Efficient capability is:

S
AEE' = X OEEi/s. (19)

p i=1

Total Efficiency with Excess Input Efficient Capability is:

TEEC"=(100 + AEEM )%. (20)

S" The Average Output Excess capabi l i ty is:

s
AE" = 0Ei/s. (21)

i=1

The Total Efficiency with Excess Output Capability is:S.t,

' TEC"=(100 + AE" )7. (22)

3.6 Illustration of TE Measurement.

In order to give a more general illustration of the Efficiency

Boundary and how an efficient PU's excess capability is found,

consider the following data on ten PU, each of which have two in-

puts and two outputs. The TE and other data has also been given

-: for the ten PU using the VEID model.

TABLE 1: TE of Ten ProducinQ Units.

j=PU Inputs Outputs TE Input I  TE Output 2 TE Mixed 3

Number xi y j  Technology Technology Technoloy

1 7,4 10,10 100.0 100.0 100.0

2 5,6 8,12 100.0 100.0 100.0

3 4,10 6,15 100.0 100.0 100.0

4 8,8 12,12 97.1 84.4 92.2

5 9,6 10,10 76.4 73.5 86.7

. 6 12,3 12,8 100.0 100.0 100.0

7 18,3 14,6 100.0 100.0 100.0

', 8 15,5 10,8 61.7 60.9 80.4

9 13,7 12,12 68.4 67.5 83.8

10 1119 13,13 79.0 72.2 86.1

Average 10.2,6.1 10.7,10.6 89.4 85.8 92.9

-N ,Notes:

1.Radeal descent direction.

p. I2.Radial ascent direction.
3.Equal weights for the mixed model was used with the directions

in notes I and 2.

From Table 1, it can be seen that for every PU which is TE,
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the unit has TE=100Z no matter which model is used. However, i-or

a PU which is not TE, the type of model used may cause the TE to

vary for the same PU. This would also be true if differ-ent

ascent or descent directions are used.

3.7 Illustration of Input Excess Capabilit>.

Because Figures 2 and 3 used the special case of a single out-

put, the efficiency boundary of an inefficient PU with multiple out-

puts is not clear. Figure 4 shows the input efficiency boundary for

PU (8). Note that the inputs of PLi (8) are irside the efficiency
boundary. This means that the excess efficient input capability is

negative and is equal to the value of the inefficiency of PU (8).

The line segments denoted as SLACK are comparison points, but are

not efficient comparison points. The efficient comparison points

are found at the intersection of AO and A'O and the SLACK segment.

Along the slack 1 ine, AE' >AEE' and AE'=AEE on all other points on

the efficiency boundary.

By varying the direction for finding an inefficient interior

• point and using the method in section 3.3, the Efficiency Boundary

A. for the efficient PU in Table 1 can be drawn. Figures 5 through 9

show the Efficiency Boundary for PU (1), (2), (3), (6), and (7). In

illustrating the boundary, several directions may be shown which are

not interior directions.

In Figures 5 through 9, the cone of all non-negative linear

combinations of PU used as comparison points is denoted as ADA'.

Consider first Figure 5. For PU (1), the operating point lies

below the efficiency boundary. Several directions are shown by lines

wi th arrows which point toward the interior of the efficiency boun-

dary. From Figue 5, it car, be seen that the distance from (1) to

the efficiency bo, undarY difers, depending upon the directicr taken

toward the i n ter ior of the uoundary. Therefore, the input excess

capabi I i ty wi I I illso var>, depending upon the direction taker,. An>

point along the 1 re segments marked SLACK will h.ave AEC'>O, but

AEEC'<AEC' 0-)ith "EEC'O in come instances) sirice the e+fic ient

comparison point = are on the- intersection of All or A'O and the

SLACK segmernts.

Ncow con s ider F , yure 5, wh icr, shows the E+ic ierc, c'Bourdary for

PU (2). Notic_- the inclusion o: the vert ical I ne labeled 'LACK.

If the ver t ic-l direct on i s taken, trie Input ccnporiert x 2  can be

increased indefinitely and PIJ (2) 1 aiw '-iy he e+f icier, t. Ho--

ever wher, a dire-ct i or, i s taKer, ,t . ? a i c h-i a pos t i .e hor i zontal

Cot apor 3r, it f r ,ert pojrit w i b e c'cate,. When tt,e direc-

ti on. i n ter sec ts tre 1 Jr- al led SLHC. the ei t i i er, t cornpar i or,

point is located t. mov n,-4 toward the or ,4 1n ,lci 4,,, the ray Al or A '.
The distance between where the direction r -- ., the LA';>. and the

0. 18
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efficient comparison point is the amount of slack in the mathematical

program for the constraint on the operating point, x2

Figure 7 shows the Efficiency Boundary for PU - Again,

the line marked SLACK is indicated. When the direction intersects

the SLACK line, an efficient comparison point is found by going

down the SLACK l ine until it intersects the rays of the cone AOA'.
The solution of the input constraints will have a non-zero slack

variable in the second component constraint. Notice that if PU

(3) is moved until it is inefficient, then all of the non-negative

linear combinations of efficient PU will exclude PU (3). There-

fore, the cone AOA' will be determined by PU (2) and PU (7) as

shown. ,A vertical or horizontal direction will not intercept either

the slack line or the efficiency boundary. Therefore, an ineffi-

cient point cannot be found following these directions. Note that

neither of these are interior directions.

Figure 8 shows the Efficiency Boundary for PU (6). PU (6) can

be increased indefinitely in the horizontal direction and will never

become inefficient.

*Figure 9 shows the Efficiency Boundary for PU (7). Because of

the horizontal slack line, PU (7) can be increased indefinitely in

the x I  (horizontal) direction and will remain efficient.

For points on the efficiency boundary with slack values, if
AEE' were calculated, we may find that AEE'(O. This situation will

arise because, after both inputs are increased, eventually PU (7)

becomes inefficient, and to become efficient again, the PU has to

decrease its x I component by the amount of the slack. When PU

(7) becomes inefficient, the cone of Feasible Points, AOA', is

determined by PU (6). This means that once its inputs are increased,

PU (7) has to *shed* a large part of its first input component to

become efficient again.

To summarize figures 4 through 9, PU (2) and (3) can be in-

creased indefinitely in the vertical direction and PU (6) and (7)

can be increased indefinitely in the horizontal direction. PU (1)

... become inefficient in either horizontal or vertical direction.

This situation arises because, as the direction approaches the

vertical direction for PU (2) and (3) or the horizontal direction

for PU (6) and (7), the slack value increases. With the direction

where an input component can increase infinitely and the PU remains

TE, the slacks would have to be infinitely large. It can be shown

that an interior direction cannot result in an infinite increase in

inputs before the PU becomes inefficient.

Table 2 illustrates the results of using the Input and the

Output Excess Capab1 i ty Methods on the set of input and output

"-.. data in Table 1.
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Table 2: Excess Capability.

Input Excess Capability Output Excess Capability

j=PU TE 1 ,3  AE' AEE' TE 2 ,4  AE= AEE8

1 100.0 18.5 18.5 100.0 18.4 18.4

2 100.0 10.1 10.1 100.0 12.8 10.0

3 100.0 56.3 15.6 100.0 524.5 25.0
4 97.1 - 2.9 - 2.9 84.4 - 2.9 -15.6

5 76.4 -23.6 -23.6 73.5 -23.5 -26.6

6 100.0 16.7 10.4 100.0 15.1 15.1

7 100.0 16.7 - 2.8 100.0 33.0 - 4.2

8 61.7 -38.3 -38.3 60.9 -35.8 -39.1

9 68.4 -31.7 -31.7 67.5 -31.8 -32.5

10 79.0 -21.0 -21.0 72.2 -20.9 -27.9

Notes:

1. Input Technology Model.

2. Output Technology Model.

3. Directions are radial.

4. d-=(x l,x 2 ) for inputs and d +=y l,y 2 ) for outputs.

From Table 2, using the radial direction, inputs can be in-

creased an average of 18.5*/ and PU (1) will remain TE. It can be

shown for the radial case that the AE'=AE". For PU (1), outputs can

be decreased an average of 18.4% using the given direction and PU

(1) will remain TE. Also, PU (3) has the larger excess capability

for the directions used in Table 2. However, as seen in Figure 7,

the large excess capability for PU (3) is because PU (3) is an

extreme point with no close efficient PU. The large AE' or AE" with

a much smaller AEE' or AEE" is an indication of specialization in

a single input or output. When no longer efficient, the excess

input must be shed or the low output component must be increased

to bring the specializing PU into line with the other efficient PU.

The symmetry of the approach presented is now complete. Note

that the inefficiency is a measure of the average change which a PU

must make to become efficient, while the excess production capability

is the measure of the amount by which an efficient PU can change

before it becomes inefficient. A negative excess capability is the

same as inefficiency. A negative value of inefficiency is the same

as a positive excess capability. When PU are efficient, the inputs

can be increased, so the PU is below the input efficiency boundary.

When a PU is inefficient, the PU must decrease its outputs, so it

is below the efficiency boundary. The values of an efficient input

excess component capability are greater than or equal to 1.0 as are
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the excess component capabilities of an inefficient PU output. The

list of the similarities goes on.

3.8 Product Constraint and Unconstrained Variables.

A typical way of handling unconstrained variables in a Linear

Program (LP) is to change the unconstrained variable into the dif-

ference of two non-negative variables. Using this technique, then

= - 2, where C; is unconstrained and

( 23)

= - , where is unconstrained and

+ +>O
1' 2-

The methodology which solves the LP has a rule for replacing one

positive variable with another, depending upon which variable can
improve the objective function. The product restriction -0

can be implemented procedurally once a feasible solution is obtained

by restricting the entry of P, if >0 and restrict if >.

3.9 Excess Production Capability: A Measurement of Overproduction.

By the symmetry argument, if inefficiency represents the amount

of improvement needed for a PU to become TE, then the positive excesL&

production capability represents the amount by which an efficient W

PU's performance can be degraded before the PU becomes inefficient.

Therefore, the positive output excess efficient capability component

is a measurement of the amount of production which a PU has produced

over and above that which is necessary to be TE, or the amount of

overproduction. In determining the efficient comparison point, y',

for an inefficient PU, the output will be adjusted upward to deter-

mine what should be produced. Similarly, then, for the efficient
PU, the output will be adjusted downward to determine y', the amount

which the efficient PU should produce to remain TE. The next

chapter will use the efficiency adjustments to determine the produc-

tion effectiveness of PU.

4. EFFECTIVENESS.

4.1 Component Effectiveness Defined.
The ratio of actual production to mission is a typically used

measure of mission effectiveness. However, from the previous discus-
sion, the actual production may not be that which is achievable by

the PU. Also, in the case where PU have multiple outputs, as in the
measures of efficiency, a component measurement of effectiveness will

be defined. Using (8), the output production which could be expectq.4
if a producing unit were technically efficient can be found. The
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Actual and Adjusted Mission Effectiveness are defined as follows:

and (24)

ii = y /Mij, for the i-th output of the j-th PU, and

Ti is the Actual Mission Effectiveness Ratio,

V"' is the Efficiency Adjusted Mission Effectiveness Ratio,

>J is the Actual Production,Yi

y' is the Efficiency Adjusted Production,

and Mi is the j-th PU's Mission for the i-th Output.
iJ

If y'>Mij , then -V.>I, and '" >0 since positive production output

and mission is assumed. Also, if y <Mij, then Tl(I. By calculating

the value P = -I - or P ij= -Tij , if"

P = I-r" >0, the j-th PU is overmissioned, and if

V" = I-" t 0, the j-th PU is properly missioned, and if
of = l-T <0, the j-th PU is undermissioned for the i-th

output, with respect to what the PU should produce. A similar

relationship holds for Pijp which is a measurement of the Actual

Mission Effectiveness. Overmissioning implies underproduction and

undermissioning implies overproduction.

In a large scale operating environment, it would be expected to
V' find many cases where P. .j0. However, we would not expect to find

too many instances of large overmissioning or undermissioning. Put

another way, we should expect the distribution of adjusted produc-

tion output to be statistically the same as the distribution of

mission for individual outputs as well as for outputs combined. The

.ollowing method allows one to check the 'goodness of fit" between

V14 the mission and adjusted production output.

%An appropriate statistic for comparing two distributions is the

Chi-square statistic, which is calculated as follows:

,-..-:.fj - f j)2
2 n (e

= _ , where (26)j=1 fJ

e

fJ is the j-th 'expected' frequency,
e

fJ is the j-th 'observed" frequency, and
0

there are n 'cells* being compared.
*%. %.

The expected frequencies in the production environment are the
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missions assigned to the PU and the observed frequencies are the J-th

adjusted production or actual product ion. (26) can be used to mea-ure

the f it of mission to the actual production or, to the adjusted produ.
tion of all of the PU. The rn "cells" are the r, PU. To determine if

the actual Mission and Adjusted (or Actual) production "fit", a

critical value of the Chi-squre statistic is determined at some level

of significance, kx, and n-i degrees of freedom. If the value of (26)

exceeds the critical value, it is concluded that the production does

not fit the mission. In this case, the values of PIshow the over-

and undermissioning of the PU.

The chi-square test statistic can be found in~ terms of the

Production Effectiveness Component , P values as shown below:

n 2 n
= Z .. W P' ) ZM (-y'/M ' 27'

j = i-i iI jJ I Iij

rt y W 2 ,,M _2.

i-i IJ j j

Chi-squre values can be calculated for each individual output

separately or for combinations of outputs. Also, the Chi-squre test

can be used to test the fit of mission to Actual Production as well

as to Adjusted Production as in (27>. If (27) is used for more than

one output, the degrees of freedom for the critical value is one

less than the number of total terms being summed over.

It may also be of interest to calculate the Chi-square statistic

for the efficient and inefficient PU separatelyv to see how the mis-

sion process affects production. Also, it several periods of time

(sa>. quarters) are used simultaneously, Chi-square values for each

inrd iv idualI t ime arid the Ch i--squar ? over al f our quar ter s c ar be

de termi ned us i ng 2

I f the -h i -squar e statistic is larger than, the critical value,
the implication is that there are significant under- and overmission

v alIueS . T he +fIol:i l~ngq me thod allows us to determine those PU which

0e it h er h av e s jqn if+ i c an t I large or sirial I Fft i c i ency, Adjusted

E f f i c i enr c )K C c'rrip r.r r, f . -1,rig the cri tical value for

jj

e t - cr ic a I r'2

r- II I £

1 ri Ji t s 1 d -. ret

% % %
!Z 6 6A



( J fj )2 /fj < <2 /n (30)(f fe e cr i t ical "

S( From (30), this means that

M I P ritca/n, or (31)

I/ (1-32)
cr itical Ij

The expression in (32) allows us to identify those component

effectiveness values which, even if the Chi-squre indicates no

significant difference, are excessive. The expression also holds

for the Efficiency Adjusted Comp~onent Effectiveness values.

4.2 Illustration of Effectiveness Measurement.

Consider the following example, which shows the two inputs and

two outputs for the same ten PU in Table 1. Table 3 also shows the

ten PU's respective mission.

-able 3. Example of Adjusted Mission Effectiveness.

1 2 3 4 5 6 7 8 9 10

Inpu*f. 74 5,6 4,10 8,8 9,6 12,3 18,3 15,5 13,7 11,9

Outputs 10,10 8,12 6,15 12,12 10,10 12,8 14,6 10,8 12,12 13,13

- Efficiency 10']. 100. 100. 84.4 73.5 100. 100. 60.9 67.5 72.2

...1 8.4 7.3 6.4 12.4 13.1 10.7 12.0 16.7 18.0 16.5

8.5 10.9 9.6 16.7 14.2 6.3 8.0 13.0 17.6 19.9

M. 9.0 7.5 7.5 12.0 9.5 11.0 14.0 9.0 11.0 12.0

M 10.5 11 0 14.0 12.0 8.0 7.5 7.0 8.0 13.0 14.0

T -T 1  -11.0 -6.7 20.0 0.0 -5.3 -9.1 0.0 -11.1 -9.1 -8.3

l-T 2  4.8 -9.1 -7.1 0.0 -25.0 -6.7 14.3 0.0 7.7 7.1

.- T  6.3 3.2 14.7 -3.0 -37.8 2.4 14.3 -85* -63* -37.1

19.5 0.7 31.4 -39* -77* 10.0 -14.3 -62* -35.0 -42*

Notes:

1) *values are considered excessive using (32).

2) y" for each PU is found by (8) with the three condi-

tiors for calculating excess production capability
with the output technology model and ascent direction
d -d y 2 )=( 10.7,10.6).

3) Component Effectiveness (1-' .) found using (24)

are in percentages.

4, Values have been rounded.

Several observations from Table 3 can be made. First, PU 4, for
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example, produced exactly what is was missioned to produce. Because

it is ineificient, however, PLi 4 is actually under-missioned 37. and

*' '-i 39% for Output I and 2, respectivelv. Also, if we were to compare ;

PU 7 production with mission, we would conclude incorrectly that PU"'"

-7, is over-missioned b,)y 14.3%. for Output 2. However, when compared to

what it should produce, PU 7 is actually overmissioned by 14.3". on

Output I and undermissioned by 14.3. on Output 2. These examples

illustrate that the level of resources influences the production

which should be achieved by individual PU and, therefore, should

aftect its mission. Only when Mission equals what a PU should be

able to produce will the Actual Production Effectiveness be a valid

indicator of the successful PU. For this example, the proper level

of mission for the inefficient PU should have been the y' values and

the efficient PU which exceeded the y' values should receive the

recognition for overproducing.

S.. From Table 3, it can also be seen that there are two values

in the Efficiency Adjusted Component Effectiveness for Output I

". which, by (32), are considered to be excessive. Also, there are

* four values in the Efficiency Adjusted Component Effectiveness for

Output 2 (1- 2j which are considered to be excessive. Table 4

" shows which of the Chi-square tests are significant and sheds more

light onto the problem of evaluating the Effectiveness.

Table 4. Chi-square Test Statistics. V

ACTUAL ACTUAL ACTUAL ADJUSTED ADJUSTED ADJUSTED

OUTPUT I OUTPUT 2 BOTH 1&2 OUTPUT I OUTPUT 2 BOTH l&2

AUG C -4.1V. -I .4%. -18.6V -20.8/

0.85 1 .01 1.86 14.50** 15.81** 30.31**
C-.54 0.36 0.90 0.50 2.00 2.50

TE 0....

TE 0.31 0.65 0.96 14.01* 13.81* 27.82**

Notes:

1) values are significant at the .05 level.

2) * values are significant at the .10 level.

3) Avg i J values are the average values of I-T l j ,

I- r2 J  I-1j, and I-T values in Table 3,

respect ively.

4? Subscripts TE and NTE for Chi-square are calculated

for the Technically Efficient and Not Technically

Efficient PU, respectively.

From Table 4. several observations can be made. First, lookinci-.

at the Actual Mission Effectiveness, we would conclude that the

.
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actual production fits the mission. This is seen by noting that the

AVG 0 values for both outputs are small (-4.07: and -1.40.") and

the Chi-square values using the actual production are small.

However, when the Efficiency Adjusted Production values are used

to determine production effectiveness, it can be seen that Output I

is actually being undermissioned by an average of 18.67/. arid Output

2 is actually being undermissioned by an average of 20.8: The

Chi-square test indicates a significant difference between the

missior, _nd production for all PU, with the greatest difference

being in the NTE (Not Technically Efficient) PU. From this Table,

we would conclude that the major- problem with the PIJ in this

example is that inefficient PU are undermissioned with respect towhat they should produce, but actually are properly missioned

for what they actually produce. Thus, we might also conclude

that the missioning process may, indeed, be a major contributing

factor in the inefficiency of the PU if the PU are producing only

the amount for which they have been missioned.

5. CONCLUSIONS.

Two methods for- finding the excess capability of efficient PU

have been presented for inputs and for outputs. By using these
two algorithms, a new efficiency can be found which includes the
average input increase or output decrease which an efficient PU can

have and still remain TE. The excess production capability of the

efficient PU is a measurement of the overproduction of the PU. In

determining the excess production capability of either the efficient

or inefficient PU, an adjustment can be made to the actual produc-

tion to deter-mine what the PU should produce. The determination of

what a PU should produce allows us to determine the Production

Effectiveness. and, therefore, how , well the mission fits actual or

efficiency adjusted production.
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